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Local ratio sum discriminant analysis based on adaptive subspace graph
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Abstract: With the rapid development ol science and technology and the sharp increase ol data dimensions, it is dillicult
for traditional dimensionality reduction algorithms to find the optimal subspace of the data, which seriously affects the
performance of the classifier. This paper proposes a local ratio sum discriminant analysis based on adaptive subspace
graph., The ratio sum discriminant analysis considering the local structure is proposed; the alternative iterative
optimization method is used to avoid the suboptimal solution found by the existing ratio sum optimization methods; the
nearest neighbor similarity graph is learned in the optimal subspace instead of the original space, so as to avoid it.
Influenced by the original spatial noise points; the Shannon entropy constraint is introduced to avoid trivial solutions;
finally, the samples are projected to the optimal subspace. On synthetic datasets and face datasets, the proposed
algorithm is tested with a large number of SOTA discriminant analysis algorithms for classification tasks. A large
number of experimental results show that the proposed algorithm can learn a projection subspace with better

discriminant performance and has better classification effect.

a6 519

Keywords: ratio sum;discriminant analysis;locality;adaptive graph

0 5

Wl R Y 2 J » DA A% S B0 SR AP 0 T2 R s R
FEAS B B R A 4 HE AL B 2 B T . {H 53 2525 A 4 0 o R R
SR MK — IR TR KB — I A
J5 » AR EEIE TN ST 2 {5 P 40 2R AR B PR B AR 22 L X i
A B ORI RO L I EL A BE ) 38 I 2 S By AR Y
AR RGN . T e bR R KR AR R
R B S B B A S 04 7 s 1R LS R B e

—
1=

U ks B3 .2022-11-11

FIRIPERE IR R R AR vk AT LA — 25 40 43 SRR AL i
FEREMRE R BRI 2, SR L 95 H 2 F 30 5 A FRE
B — A T8 RHAE e £ 5 7230 o 4R VA2 4 - 3 1
{UEi's- Ty I

1638 % L+ 4, E R 4 4 B Cprincipal component
analysis, PCA)') I £k 4 # 51 4% #7 (linear discriminant
analysis, LDA)" 435Il J& J0 Wa B A W B 40 480 05 32 30340 114
P B L, JERXER b =4 T RN ERL, FlinE
23 1) 2 M ) 50 4 M1 (null space linear discriminant analysis,

* He4 W OH . B W E KW & 3T R (2018YFB1802100), J7 R 4 F| K BF & 3 & (2018B010115001), J" R & W L H K B ¥ & &

(2021A1515011141) \EH K [ KB # 5 4 (61904041 I H ¥ B

« 119 -



5 46 & woF o

¥ #H K

NLDAY®-, 38 — 3 & 4 ) 5[ 4+ #7 Cuncorrelated linear
ULDAOY™, & K # B # 0
(maximum margin criterion, MMC)""4& | A 2, |- K2 F|
B SRR — N BB, BB )0 X A B 6 AT R A
i, BIEF I B BN REEE, XMRBRCEETZ X
IR B, FEAE B BA, a0, 270 Lh{E F1 (greedy ratio
sum, GRS FlI [ i #1128 ¥ 3 B 43 #T (ratio sum linear
discriminant analysis, RSLDA)'- |

SR EaR4R R R 25 B R i B ik 22, R
REIZ T IR 1o 20 23 A #6994 i T Rk 9 L S HE R Y
BRI B AT, B BlE 0 R AR S A R
HE, HAE N AR RS L AE AL PR B3 43 47 5 1% (adaptive
neighbor local ratio sum linear discriminant analysis,
ANLRSLDA) ™ 7 28 5] T 3% — s - 38 2o R Al 34 5 i
AR PE BB A — S ENEASE . HIR B MR A
PRI 2 T o TR A A A S 1 B ) 2 52 B A s U 1 Mg 7
FEAE B 520

ZE R XER R AR M TR A 8 R 58 A E
)5 3R e B E 9 4 7 (local ratio sum  discriminant
analysis based on adaptive subspace graph, LRSDAASG) &
W BRI R F— AR 0 A AL B0k R A LU (B A B, 9F B
I FH 22 ) B A ALy 3 B A 00 <8 1 1 [ I I 7 b 2 > B
AR EE, AL FEENTRA - H . BT
— A HA RN ST AL T B R T SO AT
Bepf . HKGIAT — 5T k- MAE R, B8 &M
ENFEE M AR 2805 4B Z BB ALE , 3 e+ =5 | 5
Rt ACE K, fJn . O T AR I L. B A
THRKRIELH

1 RYEEZ

1.1 S/AMLtbEfmEE

BHE X = [xax,,0x, ] € RY7, Hodn WA
B d NHRIELERE . BOREEE X RS R/ NMIERF . 2L
WY € R BB X MARAERR, W .

Y =W'X (D

oA W=[wiw,,ow € R ONEHE X 54008 £
Y MBS, WA RN EMBED .

& T

. w.S,w,

w :argmaxg — (2
WS wSLw,

Hob, S, MM BESE . S, 28 AU JE . HAR
e A bR BB I T 4RI A BB T 1w, ARl — A B
B AT BRI » S R 2K =2 1) 0 4 B e R AT BE O

SR 5 i AR B 320 I o 6 5 5% T7 Tl I 5 ) B 4% 3
Tr 2238 R il /N PR J7 1, X — BLRJE AN I T a5 B A
BRI RS . T R X — L R AT i R AR
% e/ ME s s B

« 120 -

discriminant analysis,

3

T

w;S.w;

W* = argmin —_—, (3)
& Z; wiS,w,

[, 24 T Bk e AP e 2 0], T2 2 S, AT, 4R
FEA B BR T 25 S, = XXT RS, . WA .

W' = argrr#vin;zll w[TSlw,; »

BT HEMWIER /M B RALBEEL [ X 50, A SCTE
145 H—mpl.

.
w,S.w,

4

R1 BRI EIEERET

(ny,m,) (n,,m,)
HHg 1 (80,1) €0.01,1)
R 2 (40,1 (40,1

K, n, = wiS,wom, = wiS, w,, R, KFHIEEHE
REH—A 2 i A, A WA B R, &R
TO R R KA H N WA T 425 — N A, &3R8
GO DHE RFRTEMMNRLBEAS. SRE 24
BHHAGO. 01, DR, 5 2 MEASREKTERST
1. 01, X BWRF X — KM 45 2 A48 Jr i R e G i

BIME R . /ML S I BE A% SR A 0 — H R
\ 1 I 11
ﬁﬁom?%+amf4%ﬁm5>@+zVWﬁ&

R N N s B e S W
EEF T TR B 0012 5 1 2 0T BN T
0.025 9. [HEL 457 T — 5% o, B2 fh 5 F T 5 A b
IR A A4 53
L2 BERFHEHE

B T th O, T 2 TR A A 1 B
B g R R TR I T I\ 5 0 B
AT TS5 R AR 9 20 2 1 2 R 2 i 1
LR A 2. R R 15 B 31 A M
(A

BT B S 5 ()
R

C SIS et —wial |

=1 M 5= e

6))

arg min

g min 2 Lo ]
ey Tl o 722 | wix; —w,x, ||}

Horp, x R8s BME ) MREA. BATEET &~
AR T 18] (AR B 5 TR JERE AR 2 1] f) B R 2 3 1
AR S Z R R R AR . B LR EAW
M . 2B R AR EFBOE Y 18 & BIA— A BOlR T 48
Bl S SRR A REA Z [l BE R R 1 Horh 87 R oREE 0 K
FEA BB, BB I B — D ITR N sj - ML) T4
WE N



AL F.0E 8 F % AR F A 54

519

E ZZMW_WNM

L —

arg min E
& p=1 2
Wy, L 3 Lt 0 — E : § : H W x —w, xm ” 2
m=1

j=1 m=1

(6)
— e, s, BE A RRBOT 5T AR B 1 T
PRAL, AR ELARME AN T

REAE
S " ’ x;’x;}, & N,, 7
0, HAtr
Ho, N, BR—HEPSAE . ARTFSCERL14], &3

rhB‘Jfﬁmﬂ%ﬂﬁﬁB@mﬁéé’ﬁ}ﬁﬂ@?ﬁ/\ﬁﬁwwﬁ% SR AC VS
IFRIRFEAR M — SR (G E . LA S R M
W, [ if 2 S R F2s A E S, DUE L A9 R R IR FEAR /)
PIRGIET S
1.3 BREAE
EESEHFSEBEMNEED, K6 ST L.
B 3 M EIEF A A A ELH A 0.3,0.3,0. HE
A 48 F LR 414 (0. 000 5,0. 000 5,0. 999 9), FE I, 3] A

FARMAR H(s)) = — D) siulns) b —AE s} A%
RITREZ0EAR. IR OOWREH .

. E Zzuwpx/ wixl I 5st, st st
arg min E =L %=l - -
e n 22 e =i I
€))
A e —~ NP [ 8, ok H e 2 R # . 5T
R HTELE 2 B R — N RN
2 RUEX
2.1 EEIESE S, K\EEHEREW
) A (8) A L, 4 187 Ak A AT ]
ZHZEMH T ) s
arg mlnz = it s (D
T LSS e e |
o)
arg maXfZZ I w x —wix, |2, (10)
TU%"HJ'H:.
argr maxw,S,w, , (1D
?lrﬂ
arg mmz Z 2 | wixi—woxi |l 3st,, 12
TU%“HD.

arg minw,Lw, , (13

=1
P "»

Horp BB L = D — S, D AN MR, &

SHRLIEE N d, 2<
B 58 CO) B

prwﬁ
arg min (14>
-1 pz; WIS W,

jﬂTIETJﬂ:JQ(M) Ag B TR T w, —
T, HA R B 5 1) B 2 38 Bl e, - #0055 00 i B 82 07 1)
W, Eﬂ:

wPLwP

(15

arg mln

T
_ _w,Sw
(1)w1 =0, ngwl’ 1 p

/\I:P W(p) - [Wl sWygtte
L5 BRI B H RN -
L(w,,8,7) = w,Lw, —W(,w,

sWy 1 s Wypy oo sWe o

—pw,Sw, — D
(16)
Ho, sop ¥R HART. XTw, KT SF3H
R O.A]fE w, .
I—S,'WW.,8,' W, W,)S, 'L (1n
K AD s/ NEAEE X R R R &, AIARAD, 28

E/%f Wist oW, Eiﬁ(lll)% Hbﬁ@%&{ﬁq&ﬁkyﬂﬂﬂf§‘§”
BRI AERE W,
2.2 EIEHEPEEW, LB EEEES
) B C9) AT AR A5 Ak R -
arg min || wixi—wixl, || isi, + ysh.Ins?, (18
mélb;m =1 ij =0
Lo = llwix; —wxl, |2, XA RIBBEET N
arg min ¢,s}, + ysi,Insh, (19
Xof R A% BH F BRI
L(siaf) = @hyst, + 75t Inst, +B(Esj,,l —1) (20)
Hep, g Wi AR T, XT s, 125'5 H4HFH
A O, A4
Siy = e< 77'"1) e<j#) 2D
s, o) oo, B g R D)s = 1, K
R DA DIEHRS
- wlawl
[ S
Sjm et T 2) (22)
(o
E
FREA x| RFEAS x, 3R 48, W AT A X (22) BE 3
EAH . & WAE R O,

5 b, R QA7) FN22) 388 W B 5 A B W ORI 3L 48
. 121 -



5 46 & woF o

¥ #H K

B S, B33 By H br ok $0E Boa, B AT 43 2 & A
WL HE W, BEERNEELSBRITR.
2.3 BEETR

AT DMARGEY X, MAREHIEY., WAL
8 n,. WATERLEE L, WAENRSH 7.

IR 2 R HE X iR s E BHR, AT H—1
AbE, BENLVIER AL BRI R L WW = T, FIHR (DY)
IRAL ISR E A S

BT MEEE S, RIEX (D FEH IR EHE
W, AT L 2 (14D ) B R A B AR BRI BOICSE .

SBOFMBARPHEEW, RIELXCOEF S, F (8
XTI H AR RECR IS FEE B —25

BRSO BREHEEW,

2.4 HEIERESH

WA R X, FIEfE R d, FEARBE A n,
FamEgEEN b, RADERBBPTFENRE N 1,
R OBMHTENRECN t.. NHEZE LRSDAASG F
EIETRIE 2R R

DR Q14 IR 2 24 5

3 XBWESW

R T RUEAS SCHE BB AU . LRSDAASG Bk 5
LDA™ 4% #% 24 #i ¥ (decomposed Newton’ s method,
DNM)™', GRS™ | J& % #% 4 /R #] %] 4% #7 C(local Fisher
discriminant analysis, LEDA)Y™ | &) #6 % 8% #) 51 45 #7
(locality sensitive discriminant analysis, LSDAY!Y 375 5
K% B (dynamic maximum entropy graph, DMEG)™ |
ANLRSLDA""% SOTA B AR LS. A i 7 8
AL F A MEAE [1.d — 1] Z 8 2R, 55353, LDA 5
KRFaSBHLEREN c—1,d —1 TIEAME. BIHENIESBT
A RLAEN 0] HBUEE R, A, LSDA 3
) T SRR BB Oy 10, R T H 48 2R [ I B I
A ES A G, BTN R,

3.1 ERHEERXE

AR PR e W AL B R — S AL 2 A LS
JEFN 50 ATT 4 MR S 4k B2 A [F 0 B HHE L 43 Bl B 3 Filak
o m AR AR o AL N R R OREAS (120,220,260) . Bl
S5 RIS TR ) B 4 3 4 & B B2 8 2 7 = ), O

O k[d’+d*k+dk>+ ] (23) E TR FERREE R,
) FE T ABIRIAERE S BYIT R & 24 5 0y - LA RIE 1) ~ (h) s, Al LLS H LDA,
O’k (24) DNM.GRS RN H & JR R A Frde 1 9, RBe A
3R SR AR (8 IR B2 2R K - HEgEEEAERT L NERGEE, B EREEA W
Otk (dP +dPR+dRP+FD) + 0% k) 25 BAREE. FMTMEERYES SN RBEMETFE T,
Ho, d >k, RILERIZ 2D LETR R . (EABATT A R TR AR R RE & AN A R, 1 56 LFDA 4 1Pk BB A0 *d
O\ t,d’k 4 1,m%k) (26) 2 OMIBATERE WEREAH N = IRFELOF N E A 2%,
0.8 0.20 0.25¢ 15

06 0.15 0.20 o

04 0.10 0.15 .

: 0,05 - 0.10 05

02} . ¢ 7 0.05 . . 0

0 0 .z
- —0.05 -0.05 —0.5F "

02 -0.15 -0.15
04} . _ -0.15 -0.15 ) 1o
~0.6L -0.20 : =020l . 15

08 -04 0 04 08 - 01 0 01 02 -03 -02-01 0 01 02 08 04 0 04 08

(a) LDA (b) DNM (c) GRS (d) LEDA

15 1.5 15

1.0 1.0 1.0

0.5 0.5 0.5

0 0 0 b :%
05 -0.5 0.5 Li"';‘ E—, A
-1.0 -1.0 -1.0 ‘"':-*'-a_- e 1
715 e e e ,,‘,. e b

15°1.0°05 0 05 10 L5

(e) LSDA

35500205 605 10 1s

(f) DMEG

35500705 6 05 10 1

(2) ANLRSLDA

3550505 0 05 10 1s

(h) LRSDAASG

1 BREBAESGNEHEIEE LK g 9 E

3.2 ABHEEZR

HTHRAER LB EE A LRIEE ErkeE, BER
F 45 5 B 58 9286 % (Olivetti Research Laboratory, ORL) .
ST Tk %% (University of Manchester Institute of
Science and Technology, UMIST) %t 4 2 . A iR I T 72

- 122 -

(face recognition technology, FERET) £ #f& 2 3 /> A JiG: %X
P B b BEAT S0, BRSO Ik 2 iR

BRI E Oy BEALE B —F 40 R AR Rl g4k
RIGRF PCA B EREEAR BU T EFR  UBHRE
)L RF R TR BT RS, R, @R
B I k2 > R [R) 28 [R) 48 5 0 | R B 26 P . B8



: BB T R B 8 R O A F) A oA

519

AHE F
®2 ABBES
BR&k  NgGHA WRHA  FGI BSR4
ORL 120 280 40 1024
UMIST 313 699 20 1024
FERET 600 800 200 1024

T WREAAE R LKA A, 88 B e T 5 ), JF HoR
A INN 73 2 25 56 R AE A HE AT 50 R B L G2 3 B0 i 1E
PR N PEREfR bR . B BIRSCE 10 . KITHS B iE
B R - SR A TT 22

BIRMMT, H ek 8] 7 91.64%, WAHILZ
T, HA L A4y K vE TR R 7E 88,36 %0 F 91. 29 % 2 [A],
£ %) UMIST #4542, LRSDAASG 5 %5 19 43 25 i 5 8
99.59 % , HAh B 5 Ay 4 ZEME B B AE 98,8126 & 99. 24 %,
%TF FERET %424, LRSDAASG B3k 4> 2K M 0 R Ky
80. 45 % , HMW B vk 19 4> R MET S AE 72. 1690 ~T79. 906 2
M. Z A5 LR THE R, MLZT, A CRERBP
LRSDAASG B 3k fE 0% 07 i 1 17 35 B b 1 R i 45 4, B A
B R B A AT R RE L BRSO R RS Y TR IR I T
RAFRMOBE T, FNEA TAEL R RIEL, B

HIHE LB 45 1, &1 %) ORL B4R 42, A5 S0 LRSDAASG  {RSEIGZ5 B InEE 3 s,
®3 HEEARESBBEHHTEHERE %
LDA DNM GRS LFDA LSDA DMEG  ANLRSLDA  LRSDAASG
ORL  88.36(16) 91.07(27) 91.29(25) 91.29(40) 91.07(24) 90.86(26)  89.29(29) 91. 64(27)
UMIST  98.81(12)  99.14(49)  99.24(50)  98.81(76) 98.94(46)  99.17(43)  99. 14(37) 99.59(39)
FERET  72.15(12) 76.33(23) 76.20(18) 78.30(39) 79.90(18) 79.50(18)  78.32(24) 80. 45(25)
C 28 4 i 778 3 A i 48 b B AR s 806 T AR EK
3.3 Hsw AL . W 2(a) ~ ) FiR, Al LU H LRSDAASG &

ARSI BRI R T SRR IR AR A B LA D7 ik A
TRAEFIETE T # fe S B0 T 23 [8) A Ko d A T 25 18] B IS

Y TE 3 ABIELE (ORL.UMIST.FERET) il 25 f 23 10
WA AR B AT e 6k = B/ B A R B .

8- 5 14
7 49 12
f 3! 10
o 2 = 8
g 4 ® o1 E= I
g 3 | g,
2 - &
m 1 m b m 2
0 -2} 0
-1 o —3} -2 —
P23 4 5 6 78 900 Ty 4 s 6 7 8 9 B B SR SRR
K BRI EARRE
(a) ORLE 42 (b) UMISTH#E4E (¢) FERETHE &
Bl 2 &4 H AR e B S
4 = i IFFEI I, BF 58 — i 5T 48 B SR G O A M DL SR T B 1
=A

ASCHE T — R R T B 38 R A [ PR A SR L (B AT
PR B o IR SR T LR FIHE 42, 3 4 1) £ S o 4
LGB B 7 ) I A AE B BB L OF HB AT A T — A
B SR AETT ¥ B RS AT AR R TR 45 4, il 5
SRR B REAR B ESH 1 [R) i B R A OR RRRE 0, OF B
TS AT H AL 1A B AT R A TA] B R RS 4R R A R
Wi s BRI T BRI U, 7 38 4R B 2 2] BT fE
Z RS IF B B U e s i KB SR E
R BT B3 0 B A

IR LRSDAASG Bk B AR IR 17075 1 4 0 1 6E
HIEANTA N IZBEARE — SRR = BN, B
TR TR AT A G 2 8] B DL BT AR X 2 T

PR W S R — LR R I ).
S & 0k

[1]  EgRTT, 8. 2T LDA fl RBF #ff & M 45 i 7+
AR R S A FOR B R AT L) ) R T E AR
2021,44(14) :148-152.

RASTI B, HONG D, HANG R, et al

extraction for hyperspectral imagery: The evolution

(2] Feature
from shallow to deep: Overview and toolbox [ ] ].
IEEE Geoscience and Remote Sensing Magazine,
2020, 8(4): 60-88.

TR XL SR SE. AT PCA FI LDA RS 1H
ABRBI R RS ) ). Bl &R, 2020,43(13)
72-75.

- 123 -



46 % L . N S - S

(4] #WAHEER. 253 Z T LDA Al ELM i & 61% Intelligence, 2021, 44(12); 10171-10185.

B RS 52 BT LT, B 7 5408 4], [14] BRE &R AR 2, 4. HERES R L E ML
2020,34(5) :190-196. PER A oy B SR L] BOAL TR 5, 2022,

(5] e, M. ik s, 4. 2T 28 I L Y w6 R 15U 58(22) :291-296.

BB AR Fe £ .2019,40(3) . 188-195. [15] NIE F, WANG Z, WANG R, et al. Submanifold-

[6] ZEFEZ=, B, BIR,%. T LDA F1 KNN #F 2 preserving discriminant analysis with an auto-
B I B A SRR T]. B+l &+ R, optimized graph [ J ]. IEEE Transactions on
2021,40(1) :9-14. Cybernetics, 2019, 50(8);: 3682-3695.

[7] DONG W, WOZNIAK M, WU J, et al. De-noising [16] LU X, LONG J, WEN J, et al. Locality preserving
aggregation of graph neural networks by using projection with symmetric graph embedding for
principal component analysis[J]. IEEE Transactions unsupervised dimensionality reduction [ J]. Pattern
on Industrial Informatics, 2022, DOI. 10.1109/ Recognition, 2022, DOI:10. 1016/]. patcog. 2022. 108844.
TIL 2022. 3156658. [17] JIANG L, FANG X, SUN W, et al. Low-rank

[8] ZHUF, GAOJ, YANG], et al. Neighborhood linear constraint based dual projections learning for
discriminant analysis[ J]. Pattern Recognition, 2022, dimensionality reduction[ J ]. Signal Processing, 2023,
DOI:10. 1016 /. patcog. 2021. 108422, DOI:10. 1016/j. sigpro. 2022. 108817.

[9] NIEF, ZHAO X, WANG R, et al. Fast locality [18] LIC N, SHAO Y H, YIN W, et al. Robust and
discriminant  analysis  with  adaptive  manifold sparse linear discriminant analysis via an alternating
embedding [ J ]. IEEE Transactions on Pattern direction method of multipliers[J]. IEEE Transactions
Analysis and Machine Intelligence, 2022, 44 (12): on Neural Networks and Learning Systems, 2019,
9315-9330. 31(3): 915-926.

[10] TONG Z, 1. W, ZHANG B, et al. Bearing fault [19] WANG Z, NIE F, WANG R, et al. local structured
diagnosis based on discriminant analysis using multi- feature learning with dynamic maximum entropy graph[J].
view learning[ J]. Mathematics, 2022, DOI.:10. 3390/ Pattern Recognition, 2021, DOI. 10. 1016/j. patcog.
math10203889. 2020.107673.

[11] LUO F., ZHANG L, DU B, et al. Dimensionality — {£2 &/
reduction with enhanced hybrid-graph discriminant BARE T, EEPS T HLRE2E S B AR 4R
learning for hyperspectral image classification [ J J. B, 5 iR B4
IEEE Transactions on Geoscience and Remote E-mail: eezhoukeyi@163. com
Sensing, 2020, 58(8); 53365353, FIAE A EETIGOr B G,

[12] LIANG K, YANG X J, XU Y X, et al. Ratio sum E-mail: 1229159746 (@qg. com
formula for dimensionality reduction[]]. Multimedia FiEA, AR, EEAFST T LS, R E
Tools and Applications, 2021, 80(3): 4367-4382, E-mail : 2976984325@ qg. com

[13] WANGJ, WANG H, NIEF, et al. Ratio sum versus MEEE GEEEE) . B2, EEM 7 n hy BAR 8,

sum ratio for linear discriminant analysis[]J]. IEEE

Transactions on Pattern Analysis and Machine

124 -

TCIR 20 AR 3 R IE R B .
E-mail : yangxj18@ gdut. edu. cn



